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A new proof is given of the theorem, originally proved by R.C. Lyndon, that any two element 
algebra of finite similarity type has a finite basis for its equations. We also provide a new proof 
of a result of W. Taylor that any equational class generated by a two element algebraic system 
contains only a finite number of subdirectly irreducible members, each of which is r”;nite. The 
original proofs of these two theorems relied on E.L. Post’s classification of the two element 
algebraic systems. Our paper uses Instead some recent results from universal algebra. 
In this note we provide a new proof of the following result of R.C. Lyndon [S]. 
Theorem 1. Let % be a two element algebra of finite similarity type. Then the 
equational class generated by % has a finite equational basis. 
Lyndon’s original proof depended on the kaper of E.L. Post [l 11. Post’s 
monograph showed that any two element algebra of arbitrary similarity type 
generates an equational class polynomially equivalent to an equational class of 
finite similarity type. Moreover, Post explicitly exhibited all the possible inequi- 
valent two element rlgebras: they break up int-o a finite collection having various 
nulldry, unary, binary and ternary operations, and several infinite families, each 
having an n-ary operation, n = 4,5, . . I . Lyndoir then exhibited a finite basis for 
the various algebras in Post’s catalog. Note that Lyndon’s paper contains a 
stronger version of Theorem 1, namely that any two element algebra of arbitrary 
similarity type generates an equational class polynomially equivalent to some 
finitely based equational class. However, if an equational class generated by a 
finite algebra is finitely based, then the algebra must have finite similarity type. 
We conclude the paper by providing a new proof, independent of Post’s paper, 
of a Theorem of W. Taylor [IS] that states that any two element algebra 
generates a residually finite equational class. 
For background and definitions not given in this paper consult G. Gratzer’s 
book [3]. A detailed discussion of the concept of polynomial equivalence for 
equational classes is given by W. Taylor in [14]. 
Let 9% be an equational class. % is said to be congruence permutable if each 
algebra in X has congruence relations which permute. The class X is congrfrence 
distributive if the congruence lattice of every algebra in 9% is distributive. 
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In place of Post’s classification, our proof will rely on the following two 
important results from universal algebra: 
B&~‘S Theorem [I]. Let % be a finite algebra of finite similarity type such that the 
equational class X generated by % is congruence distributive. Then X is finitely 
based. 
l&Ketie% Theorem [7]. &et %!I be a finite algebra of finite similarity type such that 
mery subalgebra of % is simple and such that the equational class X generated by %T 
is congruence permutable. Then 9% is finitely based. 
Although it is not true that every two element algebra of finite similarity type 
generates a congruence distributive or congruence permutable equational class, 
the following lemma shows this is almost so. 
1. Let % = (A, f) where A = (0, l}, and where f is an n-ary operation 
&pending an all n variables, n 2 2. Let X be the equational class generated by %?I. 
Tkn X is congruence distributive, congruence permutable, or X is polynomially 
cquit;alent to a class of semilattices, i.e., f(x,, . . . , x,) = xl A l l l Ax, or 
1’(X ,*. . .,xJ=x,v l l . VX”. 
The proof of Lemma 1 will occupy the remainder of the paper. Using Lemma 
1, WC now present the proof of Theorem 1. 
Pr& of Theorem 1. Let 2l be an algebra of finite similarity type on the set 
A = (0. 1). 3y will denote the equational class generated by ‘?k If every operation 
of % is nullary or unary, then 9id is easily seen to be finitely based. If some reduct 
of ZX is congruence permutable or congruence distributive, then % is as well; and 
by the theorems of Baker or McKenzie, X is finitely based. So by Lemma 1 it 
only remains to consider algebras % for which every operation is nullary, unary or 
equivalent to some semilattice operation. If both meet semilattice and join 
semilattice operations occur, then since IAl = 2, ‘% has a lattice reduct and is 
congruence distributive. So otherwise ‘?I is polynomially equivalent to, say, a meet 
cemilattice with possibly a nullary or unary operation, and SC is easily seen to be 
finitely based. 
The proof of Lemma 1 uses a result of AI. Malcev [6] that an equational class 
X is congruence permutablle if and only if 9% has a 2/3 ternary minority 
polynomial, i.e., a polynomial p(x, y, z) for which p(x, x, y) = p( y, x, x)” = y. In [4], 
B. Jiinsson gave Malcev-type conditions for congruence distributive equational 
classes. We shall appeal to a special instance of his result, due to A.F. Pixley [IQ]: 
s a ternary polynomial p(x, y_ z) which is a majority function, i.e., 
= p(x, y, x) = p( y, x, x) L= X, then X is congruence distributive. 
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hoof of Lemma 1. Let % = ((0, l}, f) where f is n-ary, n 3 2, and f depends on 
all n variables. For u E (0, l}“, u = (ul, . . . , u,), the complement of u will be 
u’= (ui, . . . : uk) where ui = I- Ui. Of special interest are 0 = (0, . . . , 0) and 
l=(l,. . . , 1). The equational class generated by % will be X. Consider (0, 1)” as 
a Boolean a?lgebra with operations v, A, ', 0, 1. Suppose 58 is a 2” element 
subalgebra of {U, 1)” having m atoms u’, u2, _ . *, urn. We say the m-ary function 
g(y,, l . l 9 y,) is derived from f(x,, . . . , x,) (on @ if g is obtained from f by 
substituting yi for Xj just if (U’)j = 1. Since 1 is the join of atoms, each xi is 
replaced by some yi, and since the atoms have pairwise meet 0, the function g is 
well defined. 
The proof consists of choosing appropriate subalgebras ‘8 of (0, 1)” so that the 
functions derived from f yield one of the three alternatives of Lemma 1. There 
are four cases depending on whether (i) f(0) = f(1) and (ii) for some u, f< u) = f< u’). 
Cuse 1. f(0) = f(1) and, for some u, f(u) Z f(u’). Let g(x, y) be the binary 
operation derived from f on the subalgebra (0, 1, u, u') of (0, 1)“. Then either 
guMN =gu, I)= g(l,O)#g(O, 1) or g(O,O)=g(l, l)=g(O, l)#g(l,O). In either 
case, ‘8’ = ((0, l}, g) is an implication algebra; and in [8] A. Mitschke exhibits the 
Malcev-type polynomials to show ‘8’ generates a congruence distributive equa- 
tional class. Hence X is congruence distributive as well. 
&se 2. f(0) = f(1) and for all u, f(u) = f(d). Since f depends on all variables 
and since n 2 2, there is some u for which f(O)# f(u). Let g(x, y) be derived from f 
on (0, 1, u, u'}. Then g(O, 0) = g( 1, 1) Z g( 1,O) = g(0, 1). So 91’ = ((I), !), g) is a 
group and the equational class generated by 91’ is congruence permutable. 
Therefore X is congruence permutable as well. 
Case 3. f(0) f f(1) and for all u, f(u) Z f(u’). If n = 2, then f does not depend 
on all its variables. So n 2 3. Let S = {u E (0, 1)” 1 f(u) = f(l)}. If S is a filter in the 
Boolean algebra (0, I}“, then f = xi or f = xi for some i, 1~ i 5 n. Since f depends 
on all variables, this is impossible. If S is upwardly closed, but not a filter, then it 
is possible to find an 8 element Boolean subalgebra 8 of (0, 1)” whose atoms are 
u, 8 and w and for which f(0) = f(u) = f(u) = f< w). So the polynomial g(x, y, ZI 
derived from f on 58 is 
(XAy)V(XAZ)V(yAZ) Or (X’Ay’)V(X’Af’)V(y’AZ’). 
Then g(x, y, z) or g(g(x, y, z), g(x, y, z), g(x, y, z)) respectively are majority 
polynomials. So X is congruence distributive. Assume S is not upwardly closed. 
So there exist elements u < w such that f(u) = f(1) and f(0) = f(w). Let ‘8 be the 8 
element Boolean subalgebra generated by u and w, and let g(x, y, z) be derived 
from f on ‘8% If f evaluated on each of the three atoms of ‘8 is different from f(O), 
then g(x, y, z) = x + y + z (mod 2) or g(x, y, z) = x’+ y’+ z’ (mod 2). In either case 
X is congruence permutable. Otherwise, only one atom of %3 has the same f value 
as 0. In this case g is 
(x’A~)v(x’~ Z)V(YAZ) or (xAZ’)V(XAY’)V(~‘A 2’). 
and .X can he seen to have ir 2/3 minority and l/3 majority polynomial. Thus, by 
the observation of R. Ouackenbush in [ 121, X is both congruence distributive and 
congruence permutable. 
CU.‘FQ 4. fc0) +fcl) and there is some u for which f(o) =f(u’). Let g(x, y) bc 
derived from f on the subalgebra (0, 1, u, u'). If f(0) = 1, then g is the Sheffer 
stroke or its dual, and ‘8 is functionally complete and thus X is congruence 
distributive and congruence permutable since every ternary function is a polyno- 
mial in .X. So assume f(O) = 0 and f(l) = 1. Without loss of generality f(O) = f(u). 
So g is a meet semilattice operation on (0, 1). If for some u E (0, l)“, f(u) = f( u’) = 
I. then thcrc is some derived join scmilatticc operation on (0, 1). So 3 has a 
lattice reduct, and X is congruence distributive. So for all u, if f(u) = 1, then 
flu’! = 0. Let S be the set of all u for which f(u) = 1. Note 1~ S, If S is a filter, 
then since f depends on all n variables, f = xl A 9 ’ l A x,. If S is not a filter but is 
upwardly closed, then there is some H clement subalgebra 23 of (0, I}” on which 
the ternary operation ~xny)v(x~r)v(y~z) or x~(yvz) u;an be derived from f. 
Ikjth of these produce distributive congruence lattices: the first is a majority 
polynomial and the second is discussed by K. Baker in /2). Finally, suppose S is 
not upwardly closed, So thcrc exist O.E= u of w 4 1 such that f(u) = 1 and f(w) = 0. 
So ~(u’I = 0. Let $8 bc the % clcmcnt Boolean subalgcbra of (0, 1)” generated by u 
and w. Let ~(x, y, z) bc the ternary operation derived from f on %.3 for some fixed 
lahclling of the atoms of 9). If f(w’) = 1 and f(uv w’) Z f(u’~ w), then this 
produce!+ one of the cases csnsidcrcd in case 3, namely x -t y + z (mod 2) or 
(~‘~.):)v(x’Az)v(YAz). If f(w’)= 1 and f(uv~‘)=fh’~~)=O, then 
which is a 2/3 minority polynomial. So assume f( w’) = 0. Only two possibilities 
remain: f(u v w’) = 1 with ~(u’A w) = 0 or f(uv w’) = f(u’n w) = 0. The first gives 
~(x. y, z)= r~~xvy’). But then &(z.x, y), g(y,x, z), z)=zr\(xvy) and so by 
121. X is congruence distributive. The second possibility produces g(x, y, z) = 
(x’ny’nz)v(xAyAz). But in this case, 8(&x, ym y), y, z)= zr\(xvy’), which was 
just considered. 
In [ IS] W. Taylor observes that any equational class generated by a two 
elcmcnt algebra has only a finite nuraaij-hcr of subdirectly irreducible algebras, and 
each of these subdirectly irreducible algebras is finite. His proof consists of 
examining the various equational classes in Post’s list. We now provide an 
alternate proof. avoiding Post’s classification, using instead Lemma 1 and some 
results from universal algebra. 
Theorem 2. Let 91 be any two element algebra of arbitrary similarity type. Then the 
~~qw~imd cluss X generated by VI has ut most three subdirectly irreducible algebras, 
trml my subdirectly irreducible member. of X has ut most three elements. 
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Pros.& Note that any two element algebra is always ubdirectly irreducible, Hf YC is 
congruence distributive, then by J6nsson’s Lemma [4], the only subdirectly 
irreducible algebra in X is 24 itself. If 9% is congruence permutable, then since ‘8 is 
simple and has only trivial subalgebras, the results of [13] apply to show that X 
has at most two subdirectly irreducible members: ‘$l itself and, perhaps, an algebra 
B, with 1@1= I%(. By Lemma 1 the only remaining relevant possibilities for 
nonconstant operations on !!l are the unary operation of complementation, and 
say, a meet semilattice operation. If 2l has both of these operations, then ‘8 is a 
Boolean algebra. If “8 has the semilattice operation only, then ‘?.I is t,he only 
subdirectly irreducible member of X; further if !!I has only complementation, then 
the only subdirectly irreducible algebras in TC are ‘8 itself and ‘8 with a fixed point 
adjoined. Finally, if ‘9% has neither operation, then Tl is the class of sets. The 
addition of constants to the similarity type of ‘8 will not affect the cardinalities of 
the subdirectly irreducible algebras in TX’, but may produce some nonisomorphic 
ones, An examination of the four cases shows Tl will have at most three 
nonisomorphic subdirectly irreducible members when constants arc added to the 
similarity type of 91. 
Both Theorems 1 and 2 fail for three element algebras. In 191 V.L. Murskii 
exhibits a three element groupoid with no finite basis; while in [IS] MI’. Taylor 
discusses ome equational classes generated by three element algebras which 
contain subdirectly irreducible members of arbitrarily large cardinality. 
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